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ABSTRACT. In the early formulations of Riemannian music theory, the Rie-
mannian operators were defined at least in part by their voice-leading prop-
erties. However, some have suggested a root-intervallic approach to the oper-
ators. This has the advantage of crystallizing the operators’ algebraic prop-
erties, but has the disadvantage of abandoning their voice-leading properties.
In this paper, we show that there exist classes of pc-set classes for which it is
possible to define automorphisms on the Riemannian group that preseve their
voice-leading properties.

In [2], Hook defines Riemannian Operators using root-interval motion. This has
the advantage of the operators being easily generalizable to arbitrary pc-set classes.
However, the voice-leading properties of the operators, such as common-tone re-
tention, are lost when not working with major and minor triads. For example,
the leittonwechsel operator, when considered as a uniform triadic transformation
acting on the pc-set class 3-11, becomes Wy. But, Wy does not have the hallmark
double-common tone retention voice-leading property when applied in other pc-set
classes. (For example, see [3])

However, one could argue that the double-common tone retention of the leitton-
wechsel is almost a defining characteristic of that operator, as originally conceived
by Riemann and later others (such as [I] and [4]). Hence, it would seem that while
the leittonwechsel coincides with W4 on the pc-set class 3-11, perhaps it should
coincide with other operators on other pc-set classes. Indeed, the root-interval mo-
tion of the leittonwechsel operator on the pc-set class 3-11 appears to be its least
interesting aspect. The most interesting aspect is its voice-leading properties and
its preservation of the intervals.

Put another way, the voice-leading properties of the Riemannian operators,
when defined root-intervallically, are not inherent in themselves. For example, the
common-tone retention properties of the Riemannian operators change depending
on which pc-set class the operators act on. But is there some pattern or structure to
the way that this property changes when moving from one pc-set class to another?

In this paper, we show that if we move from one pc-set class to another, there
exists an automorphism on the Riemannian group that preserves the voice-leading
properties of the operators, as long as the two pc-set classes involved are “dual”
to each other in a way that will be defined later. Along the way, we will also
provide a definitive proof to the notion that the root-intervallic approach and the
voice-leading approach to Riemannian operators are equivalent in some way.
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In order to make this concept precise and rigorous, it will be necessary to deal
simultaneously with operators that are defined root-intervallicaly (as in [2]) and
operators that are defined according to their common-tone retention properties (as
in [1]). Hence, for the purposes of this paper, the term Riemannian Group shall
refer to the subgroup of the uniform triadic transformations as defined by Hook,
and we shall use the term Retention Group for the group that is generated by
double common-tone retention operators.

Indeed, much of the literature in Riemannian theory seem to conflate these two
groups. Indeed, the Riemannian group and the retention group is often considered
as different approaches to the same object. In fact they are mathematically different
objects, although we shall prove in section 3 that they are, in fact, isomorphic. But
the situation is more subtle- the isomorphism is not canonical. This means that
the voice-leading properties of the Riemannian operators change depending on the
underlying pc-set class, as already stated.

In [2], the retention group in the pc-set class of major and minor triads are taken
as motivation for defining the Riemannian group. This paper will show how the
Riemannian group relates to the retention group in other pc-set classes.

In sections 1 and 2, we provide a rigorous exposition of the already-known fact
that different choices in the root or the canonical representative in an arbitrary
pe-set class correspond to a “relabeling” of the Riemannian operators. But more
importantly, this section introduces key notation used in sections 3 and 4, and also
presents a theorem that simplifies the proof of the main result in section 4.

In section 4, we define the notion of dual pc-set classes of trichords, and show
that the voice-leading properties of the Riemannian operators are algebraically
compatible(that is, an automorphism exists that preserves common-tone retention)
if and only if the underlying pc-set classes are dual. Here is the statement of the
main result, given now for immediacy.

Theorem 0.1 (Voice-Leading Automorphism on the Riemannian Group). Let v
and v be dual pc-set classes with coordinate systems f and f', respectively. Then
d : R — R, an automorphism, such that if the operator U € R has n common-
tone retention with respect to f on 7y, then ®(U) also has n common-tone retention
with respect to the coordinate system f' on ~'

1. COORDINATE SYSTEMS ON PC-SET CLASSES

Throughout this section, I' = {(r,A) | r € Z12, A € {+,—}}. That is, T is
the space used to represent major and minor triads as in [2]. R is the group of
Riemannian operators on I'. Also, 7 shall denote any pc-set class. If v has two
transposition classes, we write them as v and 4~ so that y© U+~ = v. Also, we
summarize the following basic definitions to fix notation:

Definition 1.1 (Transposition Operators).
(1) Let T, : v — ~y, where Ty, |:{Cl0,a1,a2,"' ,aj}] = {ap + n,a1 + n,a2 +
n,---,a; +n}.
(2) Let T : T — T, where T} [(r, A)} = (r+n,A).
Definition 1.2 (Inversion Operators).

(1) Let I:~ — 7y, where I[{ao,a17a2,~-~ ,aj}} ={—ap,—a1,—az, -+ ,—a;}.
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(2) Let I*: T — T, where I'* [(r, A)} = (r,—A).

Clearly, the elements of I' can be used to represent the elements of v by defining
a bijection between the two sets. But not all identifications between I'" and ~ are
musically significant. Hence, we shall now define a particular type of bijection
called a coordinate system. While the following definition may seem very general
and elegant, we shall soon see that the coordinate systems are precisely the types of
representations that are musically significant. In particular, we may think of them
as a choice of tonic in a rough sense.

Definition 1.3 (Coordinate System). Let I' = {(r,A) | r € Z12,A € {+,—}}.
Let v be a pe-set class with 24 elements. A coordinate system on 7 is a bijection
f:T — ~ such that ¥n,

T,of=foTr.

As a passing note, we mention that the above definition bares a striking resem-
blance to that of the uniform triadic transformations. More specifically, the UTT
group can be shown to be the centralizer of the transposition operators.

Now we shall prove that the above definition has very musical properties.

Theorem 1.4. Suppose that f is a coordinate system. Then
(1) For anyr € Zy, I o f[(r,A)] = f[(s,—A)] for some s € Zys.
(2) For anyr € Zya, Ty 0 f[(r,A)] = f[(r+n,A)].

Roughly speaking, the above theorem shows that if v© and v~ are the two
transposition classes of a pc-set class, then a coordinate system assigns all of v+ to
a tuple of the form (r, A) and all of v~ to a tuple of the form (r, —A). Furthermore,
a transposition in I' is precisely the same as the corresponding transposition in ~.

Proof. (2) follows trivially from the definition of coordinate systems.

To show (1), note that because ~ is a pc-set class with 24 elements, o f [(r, A)] #
T, o f[(r,A)] for any n. But T}, 0 f[(r,A)] = foT;[(r,A)], so I o f[(r,A)] #
foTr[(r,A)]. In other words, I o f[(r,A)] # f[(n,A)] Vn. Hence, 3s s.t. o

Flrn D)) = f[(s. =A)]. _

We note that choosing a coordinate system for a pc-set class is a notion that
generalizes picking a “root” for chords in a pc-set class. For example, representing
the major and minor triads as an ordered tuple (r, A) where r is the root of the triad
and A is + or — depending on whether the triad is major or minor, respectively, is
a particular coordinate system on the pc-set class 3-11. Or, suppose we represent
the major and minor triads as above with the exception that for minor triads, we
pick what is traditionally the “fifth” as the root, so that, for example, (0,—) is -
minor. This is the traditional Riemannian scheme, and will be of some importance
in section 4.

Note that choosing a coordinate system also may correspond to picking the
“tonic”. So for example, the coordinate system given above for major/minor triads
may correspond to the key of C-Major, but the coordinate system that assign the
g-minor triad to (0,+) and the G-Major triad to (0, —) may correspond to the key
of g-minor.
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2. PRESERVATION AUTOMORPHISMS

Now, depending on the choice of a coordinate system, the action of a Riemannian
operator on the underlying pc-set class space changes, as the Riemannian operators
are defined root-intervallicaly. The following important theorem shows that the
action of Riemannian operators can be preserved under a change of coordinate
system via an automorphism:

Theorem 2.1 (Preservation Automorphism). Let f and g be coordinate systems
on a pc-set class v. Then there exists an automorphism @ on R such that for all
UeRrR,

foUof_lzgoQ(U)og_l.

In other words, the following diagram commutes:

VL)FLFL)')/
g ! g
T @ >

We shall call 2 the preservation automorphism corresponding to the ordered pair
of coordinate transformations (f,g).

We shall delay the proof of this theorem until the preservation automorphisms
are given explicitly in a later theorem. In order to give the automorphism explicitly,
we need to define how to precisely measure the “difference” between two coordinate
systems.

Definition 2.2 (Modulation Function). Let C be the set of all coordinate systems on
~. Let f,g € C. The modulation function D : C xC — T is given by D(f, g) = (r,0)
where

(1) (a) o=+ if Iog[(z,A)] = f[(s,—A)] for some s
(b) 0 =—ifIog[(z,A)] = f[(s,A)] for some s

(2) r=j — k where Va € Z2,

g[(z,0)] =Tjo f[(z,+)] and

g[(x, _U)} =Tyo f[(xa _)] :

Now we define some specific automorphisms on R that will be useful later. Recall
that the Riemannian group R is generated by the elements S; and W, where
Sp = (S1)™ and W,, = (51)"Wy. Hence, an endomorphism on R may be fully
characterized by its action on these generators.

Theorem 2.3 (Automophisms on R). Letr € Zyo. Let ¢S“/2 be the endomorphism
where S1 — S1 and Wy — W,.. Also let /2 be the endomorphism where S1 — S11
and Wy +— W,.. Then ¢5r/2 and ¢"Vr/2 are automorphisms on R. Furthermore, they
are inner automorphisms if and only if v is even.

Theorem 2.4 (Preservation Automorphisms). Let f and g be coordinate transfor-
mations on a pc-set class v. Then then preservation automorphism € corresponding
to (f,g) is given by the following:

(1) If D(f,9) = (r,+), then Q = ¢°/2.

(2) 1f D(f.g) = (r, —), then © = ¢"+2.
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Proof. Fixsome U € R. Then U = W, or S,,. Furthermore, suppose that D(f,g) =
(r,+). We shall show that foU o f~! = goQ(U) o g~ ! by direct computation. So
first suppose that U = S,,. We proceed by computing on a typical element of ~:
goQSn) o9~ ({a,b,c}) = go ¢/2(S}) o 971({% b,c})

_gO¢S /2(51) ({a’bvc})

=goSfog” ({a b,c})

=goS,og " ({a,b,c})

| TjofoS,097 ({a,b,c}) if ma(g7 ({a,b,c})) =

B TkofOSnog_l({a'abac}) if Wg(g_l({a,b,c})) = -

_ TjofoSnof_loT ;({a,b,c}) if7r2(g 1{a, bc}))z—i—
TyofoSyogtoT k({a,b,c}) if m(g~'({a,b,c})) =
{foT*oS oT*; o0 f~'({a,b,c}) 1f7rggl{abc})):+

( ))=

(
foTioS,oT*, 0og~ ({a,bc}) if m(97'({a,b,c}
_[FoSiuso s abie))  ifma(g ({abch) =
foS pintnog ' ({a,bc}) if ma(g~ ({a,b,c})) =
= foSpo f_l({a’ b,c})
The computations for U = W,, and D(f, g) = (r,—) are very analogous. O

3. RETENTION OPERATORS

For the rest of this paper, v shall always denote pc-set classes of trichords.
Note that once a specific coordinate system for a pc-set class has been chosen, a
Riemannian operator induces a function on the pc-set class directly:

U

I — T
Fl Il
"Y ...> /‘Y

We can define the group of operators acting on v with function composition as
the group operation. We shall denote this group by C, relative to the pc-set class
5.

We shall see shortly that the group C “downstairs” are precisely those generated
by the double-common tone retention operators. Hence, we clarify some terminol-
ogy first. If an operator U : ¥ — + has the property that for all a € v, |[aNG(a)| =n
and n # 0, then we shall call G a retention operator and the elements of a N G(a)
the retention notes of G. Furthermore, n shall be called the retention value of G,
denoted by #,(G). We clarify the above discussion with the following definition:

Definition 3.1 (Retention Value). Let y be a pe-set class with a coordinate system
f.
(1) Suppose that G € C has the property that for all a € 7, |a N G(a)| = n.
Then the retention value of G is #,(G) = n.
(2) The retention value of U € R relative to f is #5 = #,.(foUo f1).
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Hook comments that the voice-leading properties of the Riemannian operators
(that is, the retention values of the operators) change when moving from one pc-set
class to another. However, we shall soon see that we can define the notion of dual
pc-set classes, and that the retention properties of the Riemannian operators can
be preserved via an automorphism if and only if one moves from a pc-set class to
its dual.

To illustrate this, consider an operator G on the pc-set class v induced by a
Riemannian operator U. Now apply the same operator G wit the same voice-
leading properties on +'. This, in turn, induces a Riemannian operator U’ as the
following diagram demonstrates:

r % or r Ys op
fl fl = gl gl
> N
Yy G Y Y G

It turns out that this mapping from U to U’ is an automorphism on R if and
only if the underlying pc-set classes are dual to each other. Note that in the special
case where v = 7/, the above situation is precisely a change of coordinate systems.

But first, we shall work to show that C is precisely the group generated by the
operators with common-tone retention.

Definition 3.2 (Retention Operators). Fiz some coordinate system f on 7. Also
fix some chord {a,b,c} € . (Sometimes, it is convenient to think of {a,b,c} as the
prime form of the pe-set class, but this is not a logical necessity.)

(1) The retention operator Rap : v — 7 shall be the operator f oU o f=!
where U is the unique Riemannian operator U : I' — T' such that foU o
f~'({a,b,c}) = {a,b,x} where x # c.

(2) The retention operator R, : v — ~ shall be the operator f o W, o f=!
where W,, is the unique Weschel operator W,, : T' — T" such that fo W, o
f({a,b,c}) = {a,x,y} where x,y # b, c.

For convenience, we shall sometimes write Rq, ~ U to mean Rqp = foU o ft
and Ry ~ W, to mean Ry = foW, o f~1.

This definition perhaps best captures the interplay between the voice-leading
properties and its Riemannian dualism of retention operators.

Also note that the above definition slightly abuses notation, as the operator R,
has as its retention notes {a, b} if and only if it acts on the chord {a,b,c}. However,
R, always has two retention notes as the Riemannian operators are uniform (See

2]) -

We begin with a technical lemma that will be the workhorse of the rest of this
paper.
Lemma 3.3. Suppose that v is a pc-set class with a coordinate system f. Let
{a,b,c} € v and f~'({a,b,c}) = (r,+) for some r.
(1) Let Ry ~ Wi, Ry ~W;j, and Rqp ~ Wy. Then
i—j=b—a
j—k=c—b

k—i=a—c
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(2) Also let R, ~ W, Ry ~ Wy, and R. ~W,,. Then
l—m=2(a—Db)
m—n=2(b—c)
n—1=2(c—a)

If f=*({a,b,c}) = (r,—), then simply add a factor of —1 to one side of each
equation given above.

As an interesting consequence of the above lemma, it is always true that {4, j, k} €
7.

Proof. Part 1. We shall show that i —j = b —a if f~'({a,b,c}) = (r,+) and
i—j=—(b—a)if f~1({a,b,c}) = (r,—). Then by symmetry, the other equations
in (1) also follow by precisely the analogous arguments.

Note that Ry .({a,b,c}) = {b,c,c+b—a} and R, .({a,b,c}) = {a,c,c — b+ a}
simply by the interval structure of . Hence, f o W; o f~1({a,b,c}) = {b,c,c+b—
a} and foW;o f~*({a,b,c}) = {a,c,c — b+ a}. Now, consider the case where
f7*({a,b,c}) = (r,+) for some r. Since T;* ; o W;[(r, +)] = Wi[(r, +)],

f oW;o f_l({a7 b, C}> = f o Ti*fj °© Wj ° f_l({a’ b, C})

=TijofoW;of '({a,b,c}).
Hence,
{b,c,c+b—a}=T;,_;({a,c,c—b+a})
={a+i—jc+i—jc—b+a+i—j}

Now, considering every bijection possible between {b,c,c + b — a} and {a + i —
j,c+i—j,c—b+a+i—j}, the only system of equations that does not lead to
a contradiction is the one that yields i — j = b — a. A similar computation for the
case where f~'({a,b,c}) = (r,—) yields i — j = —(b — a).

Part 2. We shall show that [ — m = 2(a — b). Then by symmetry, the other
equations in (2) also follow by precisely the analogous arguments.

Note that R,({a,b,c}) = {2a —¢,2a — b,a} and Ry({a,b,c}) = {b,2b—a,2b— c}
simply by the interval structure of 7. Hence, foW;of~({a,b,c}) = {2a—c, 2a—b,a}
and f o W, o f~t({a,b,c}) = {b,2b — a,2b — c}. Now, consider the case where
I '({a,b,c}) = (r,+) for some r. Since T}* ,, o Wy, [(r,+)] = Wi[(r, +)],

foWio f ({a,b,c}) = fo Ty, 0 Wi o f~1({a,b,c})
— Ty o foWmo f i ({abc}).
Hence,
{2a —¢,2a —b,a} = T;—, ({b,2b — a,2b — c})
={b+l—-m,2b—a+1—m,20 —c+1—m}.
Now, considering every bijection possible between {2a — ¢,2a — b,a} and {b+1 —
m,2b—a+1—m,2b— c+1—m}, the only system of equations that does not lead

to a contradiction is the one that yields [ — m = 2(a — b). A similar computation
for the case where f~1({a,b,c}) = (r,—) yields | — m = —2(a — b). O

Finally, we arrive at the theorem that shows that the space of operators “down-
stairs” is isomorphic to the Riemannian group.
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Theorem 3.4 (Group Structure of the Voice-Leading Group). Consider any {a,b,c} €
. Suppose that ged(b—a,12) = 1. Then Ry . and R, . generates D12, the dihedral
group on a 12-gon, and hence is isomorphic to R. We shall denote this group by C.

This theorem definitively provides conditions for when the voice-leading ap-
proach and root-intervallic approach to transformation theory are equivalent in
general pc-set classes up to isomorphism. However, it should be noted that this
isomorphism is not canonical and certainly does not preserve voice-leading proper-
ties in general. We shall have more to say on that matter in the next section.

We note that the only pc-set class of trichords with 24 chords that do not obey
the hypotheses of this theorem is the pc-set class 3-8.

Proof. This proof shall proceed by “lifting” upstairs to I' and computing there.
Fix some coordinate system f on . Then because v has 24 chords, there exists
W;, W; € R such that Ry, . = f~loW;of and Ry = ft oWjo f. Because there is
a natural isomorphism between the group generated by {W;, W;} and {f~' oW, o
f.fto Wjo f}, Ry and R, . generate Dio if and only if W; and W; does.

But i —j = +(b—a) by Hence, because ged(b — a,12) = 1 by assumption,
it also follows now that ged(i — j,12) = 1. This implies that W; and W, generate
Dqs. O

Corollary 3.5. Suppose that v follows the hypotheses of the previous theorem.
Then the function 1) : R — C where (U) = G if G ~ U (that is, G = foUo f71)
s a group isomorphism.

4. THE VOICE-LEADING AUTOMORPHISM AND DUAL PC-SET CLASSES

Now we define what we mean by a dual pc-set class. Later on, we shall see
that these dual pc-set classes are precisely the ones with algebraically-compatible
voice-leading structures.

Definition 4.1 (Dual pe-set Class). Let v and v’ be pe-set classes of trichords.
Further suppose that for any {a,b,c} € v and {a’,b',} € v/, ged(b — a,12) = 1
and ged(b) — a’,12) = 1. Then v and ' are dual if

(b—a)(b—c)=H —d)¥ - )
and

(b—a)(c—a) =0 —d)(d —-d).

The following table shows which pc-set classes are dual to which pc-set classes,
in prime form:

pc-set class | dual pe-set class
{0,1,3} {0,2,5}
{0,1,4} {0,3,7}
{0,1,5} {0,1,5}
{0,1,6} {0,1,6}
{0,2,6} None

TABLE 1. Dual pc-set Classes
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It is interesting to note that the prevailing pc-set class in the modern Western
world, the pc-set class 3-11, has a dual pc-set class with which its voice-leading
properties are algebraically compatible.

Theorem 4.2 (Voice-Leading Isomorphism on the Retention Group). Let~y and '
be dual pc-set classes, with corresponding groups C and C' generated by the retention
operators. Then 3¢ : C — C’, a nontrivial group isomorphism, such that

#r © ¢ = #r-
Before proving this main theorem, we begin with a definition and a lemma that
will simplify the proof of the above theorem. Recall that if f is a coordinate system,

then it has the property T, o f = fo 1.

Definition 4.3 (Riemannian Coordinate System). Let f be a coordinate system
on a pe-set class v. f is a Riemannian coordinate system if

To fl(0,4)] = fo I"[(0,+)].
In other words, if f[(0,+)] = {a,b,c}, then f[(0,-)] = {—a, —=b, —c}.

Note that the coordinate system on the pc-set class 3-11 that assigns to (0, +) the
C-Major triad and to (0, —) the f-minor triad is a Riemannian coordinate system.

Lemma 4.4. Let f be a Riemannian coordinate system on . Let {a,b,c} € 7y such
that f~'({a,b,c}) = (0, +).

(1) Let Ry ~ Wi, Ry ~W;j, and Rqp ~ Wy. Then

i=b+c
j=c+a
k=a+1b

(2) Also let R, ~ W, Ry ~ W,,, and R. ~ W,,. Then

[ =2a
=2b
n=2c

If f~1({a,b,c}) = (0, ), then simply add a factor of —1 to one side of each equation
given above.

Proof. This proof is very similar to that of

Part 1. We shall show that k = b+a if f~*({a,b,c}) = (0,+) and k = —(b+a)
if f=*({a,b,c}) = (0,—). Then by symmetry, the other equations in (1) also follow
by precisely the analogous arguments.

Note that R, 4({a,b,c}) = {a,b,a — ¢ + b} simply by the interval structure of
v. Also, Rop({a,b,c}) = foWyo f'({a,b,c}). Now, consider the case where
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f~t{a,b,¢}) = (0,+). Then,
Rap({a,b,c}) = foWro f ({a,b,c})
= f o Wi[(0,+)]
fl(k, =)
*fOﬂW -]
=Ty o f[(0,-)]
=Tr({—a,—=b,—c})
={-a+k,-b+k —c+k}
because f is a Riemannian coordinate system. It now follows that
{-a+k,—-b+k —c+k}={a,b,a—c+b}.

After considering every possible bijection between the two sets, the only system of
equations that does not lead to a contradiction is the one that yields k = b+ a. A
similar computation for the case where f~1({a,b,c}) = (0, —) yields k = —(b + a).
Part 2. We shall show that n = 2¢ if f~'({a,b,c}) = (0,+) and n = —2c if
“1({a,b,c}) = (0,—). Then by symmetry, the other equations in (2) also follow
by precisely the analogous arguments.
Note that R.({a,b,c}) = {c,2¢c — b,2¢ — a} simply by the interval structure of
v. Also, R.({a,b,c}) = f oW, o f~1({a,b,c}). Now, consider the case where
“1({a,b,c}) = (0,+). Then,

RC({a7b7 C}) = foW, of_l({a7b, C})

= f o Wa[(0,+)]
fln, =)l
*fOTWmvﬂ
=Ty, o f[(0, —)]
=T,({—a,—b,—c})

={-a+n,-b+n,—c+n}
because f is a Riemannian coordinate system. It now follows that
{—a+n,-b+n,—c+n} ={c,2c—b,2c —a}.

After considering every possible bijection between the two sets, the only system of
equations that does not lead to a contradiction is the one that yields n = 2¢. A
similar computation for the case where f~'({a,b,c}) = (0,—) yields n = —2¢. O

Now we can begin the proof of

Proof of Theorem [{.2 This proof will proceed in stages, reducing each case to
the next.

Step 1. First, we show that there exists a unique non-trivial isomorphism ¢ : C —
C’ such that #, = #,0¢ if and only if there exists a unige non-trivial automorphism
® : R — R such that #; = # o ® relative to arbitrary coordinate systems f and
' on v and +/, respectively.

First, suppose 3¢ : C — C’, an isomorphism, such that #, = #, o ¢. Then let
& =1y~ o¢or), where 1 is the isomorphism from Then @ is an isomorphism
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as it is a composition of isomorphisms. Furthermore, ® : R — R hence is an
automorphism.
Now because # = #, o1 by definition,

Hiod=#lop  opoy
=#, 090y ogoy
= # 00y
= #r 00
= #;

For the converse existence, let ¢ = 1) o ® 09)~! where 1) is the isomorphism from
Then ¢ is an isomorphism as it is a composition of isomorphisms.
Now because #, = #*o~1,

#rp=H#ropodoy!
—#rov opodoy]
=#roDoy !
—#roy !
= #

Equivalence of uniqueness follows directly from the equivalence of existence.

Step 2. We now show that there exists unique non-trivial automorphism @ :
R — R such that #; = # o ® relative to any arbitrary coordinate systems f
and f’ on v and ~/, respectively, if and only if there exists unique non-trivial
automorphism © : R — R such that #; = # 0 © relative to two fixed Riemannian
coordinate systems ¢ and ¢’ on v and 4/, respectively, with the property that
g1 ({a,b,c}) = (0,+) and ¢'~*({a', ', ¢'}) = (0, +).

First, suppose that 3!® : R — R such that # = # o ® relative to any arbitrary
coordinate systems f and f’ on v and . Then clearly, this is also the case relative
to the two fixed Riemannian coordinate systems g and ¢’ on v and 7’ as g and ¢’
are just a specific instance of an arbitrary coordinate system on + and +/.

For the converse, let © be the automorphism on R such that # = # o ® rel-
ative to Riemannian coordinate systems g and ¢’. Now let f and f’ be arbitrary
coordinate systems on v and ~', respectively. Then let Q be the preservation au-
tomorphism from relative to the ordered pair (f,g) and €’ be the preservation
automorphism relative to (¢’, f'). Let ® = Q' 0 © 0 Q. Then ® has the desired
properties as you can check.

Step 3. Now it remains to show that 310 : R — R such that #; 00 = #
relative to Riemannian coordinate systems g and ¢’ on v and 7/, respectively.

Now since v and 4’ are dual, let {a,b,c¢} € v where ged(b — a,12) = 1 and
{a, 0, '} € 4/ where ged(V —d/,12) = 1.

Let g and ¢’ be Riemannian coordinate systems on v and «/. Also suppose that
Ryc~Wi, Rge ~Wj, Ropy ~ Wi, Ry ~ W, Ry ~ Wy, and R, ~ W,, with respect
to g. Likewise, suppose that Ry o ~ Wy, Ry oo ~ Wy, Ryryy ~ Wi, Ry ~ Wy,
Ry ~ W, and R. ~ W,,, with respect to g'.

Now we work to construct © with the desired properties. Recall that we may
completely specify © by its action on generators of R. Because of [3.4, W; and
W; generate R. But because W; and W; are also double common-tone retention
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operators relative to g, they must map to another double common-tone retention
operator relative to g'. So let ©(W;) = Wy, and ©(W;) = Wy, where o is
a permutation on the indices {i,7,k}. So for example, if o is the identity per-
mutation, then (i)’ = i’. Note that this forces ©(Wy) to equal W, ) in order
to preserve common-tone retention. Now we seek a permutation o such that ©
is an isomorphism. Then, we must check that such a isomorphism also preserves
operators with single common-tone retention.

Now, Wy, = (W;W;)*W; for some integer c. Hence, (i — j)oo + j = k, which is
equivalent to a(i — j) = (k — 7). Now, because ged(i — 7,12) = 1 and all units in
the ring Z1o have the property that 2= =z, a = (k — j)(i — 7).

Hence, if ©(W;) = W,(;)» and ©(W;) = W, (;y/, then

O (W) = O ((W;W;)* = 0=17;)
= ((Wa oy Woy ) F DWW, 00

But, we also have ©(W}) = W, in order to preserve double common-tone
retention. Hence, the permutation ¢ must have the property that

(1) (0(@) = a(G) )k =5)(i —5) +o() =ok).

So far, we have shown that the existence and uniqueness of an automorphism ©
that preserves double common-tone retention is equivalent to the existence and
uniqueness of ¢ such that the above equation holds and that © is a bijection. We
will check single common-tone retention later.

First, we show existence of such a o. Let ¢ be the identity permutation. Then
the equation reduces to (i — j')(k — j)(i — j) + 7/ = k’. We shall show that the
following equation holds:

(i" = ") (k= )i = j) = (K = j').

Now since g~ ({a,b,c}) = (0,+) and ¢'~'({a’,¥,¢'}) = (0,+), lemma [3.3) implies
that the above equation can be rewritten as

(b —a)b—c)(b—a)= (b —C).

Once again, recalling that all units in the ring Z5 have the property that 2= = z,
we can rewrite the equation as

(b—a)(b—c)= 1 —d )b ).

which is true by duality, proving existence.

For uniqueness, one may pursue analogous arguments as above and show that
the other permutations on the letters {i, j, k} do not work for equation .

Finally, we check that © is an automorphism. Since © sends the generators W;
and W; to the generators W) and WJ’ , it is an isomorphism.

Step 4. We have shown that duality implies the uniqueness and existence of an
automorphism that preserves double common-tone retention operators. Now we
show that it also preserves single common-tone retention operators. We shall show

that @(Wl) =Wy, @(Wm) = Wy, and @(Wn) = W,.
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Note that W; = (W;W;)*W;, where a = (I — j)(¢ — j). Then
(W) = ((W;w)=Iw;)
— ((Wi/Wj/)(l_j)(i_j)Wj/).

Hence, we must now show that
(=)= )= )+ =1
which is equivalent to
(@ =N =56E—j5)=0U-j"
Recalling once more that the units in the ring Z, have the property that 2= = z,
(2) (@ =) =j") = (-3 —-j)
Now, because g~*({a,b,c}) = (0,+) and ¢'"*({a’,V',c'}) = (0,+), lemma
implies that this is equivalent to showing
O =)' =j') = (b—a)l ).

But because g and ¢’ are Riemannian coordinate systems, it is also true by
lemma l = 2a and j = ¢+ a. Likewise, ' = 2a’ and j/ = ¢/ + ’. Thus,
(I—7)=2a—(c+a))=(a—c)and (I'—j') = (2d — (¢ +a')) = (' — ). Now it
follows that we must show

(3) (' —a)(a =) = (b—a)(a—c)

which follows once again by duality.
Showing ©(W,,) = W, is exactly analogous. However one cannot show ©(W,,,) =
Wi in precisely the same manner as the final equation yielded is

b —a)2 —c +d)=(b—-a)2b—c+a)
which does not necessarily follow from duality.

Hence to show ©(W,,,) = W,,/, we use the fact that I’ —m/ = 2(a’ —b’) by lemma
Indeed, showing O(W,,) = W, is equivalent to showing that (i’ — j)(m —
7)(i—37)+7 = m’. But we already know that (' —5")(I—7)(i—j) +j' = I’ because
O(W;) = Wy and so it suffices to show that I —m’ = (' — ") I — )i —j) + 7 —
(' = 3")(m—j)(i—j)+j'] = 2(a’ —¥'). By lemma[3.3] this is equivalent to showing

(b —a )l =5)—a) = ¥ —d)(m—j)b-a)=2(a"-0).

Now,
O — )t — §)(b—a) — (' — a')m — )b — a) = (' — )b~ a)[(L — ) — (m— )]
¥ = d')(b—a)(l—m)
= (V' = a)(b—a)(2(a - b))
('~ ¥)(a— b)(2(a D)
= (a' = b)2(a — b)?
=2(a" = b")
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Corollary 4.5 (Voice-Leading Automorphism on the Riemannian Group). Let
and v be dual pc-set classes with coordinate systems [ and f', respectively. Then
P : R — R, an automorphism, such that

o ® = #.
5. THOUGHTS ON GENERALIZATIONS AND EXTENSIONS

One possibility for generalization is to consider pc-set classes of chords with more
than three notes. One possible generalization of duality is to say that pc-set classes
v and 7" are dual if for all {ag,a1, -+ ,a;} € v and for all {ag,ay, - ,a}} € 7/,
ged(ag — ap,12) = 1, ged(a) — aj, 12) = 1, and (a1 — ao)(a; — ax) = (a} — ap)(a} —
ay,) Vi, k. Since it is unclear what the retention operators would be in this general
setting, one might work backwards and investigate precisely what the isomorphisms
preserve with this notion of duality.

It is also interesting to consider whether the voice-leading isomorphism can be
generalized when the group “upstairs” is no longer R but rather R*, the group of
skew-Riemannian operators.
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